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Abstract 

We investigate some issues on renormalisability of non-anticommutative 
supersymmetric gauge theory related to field redefinitions. We study 
one loop corrections to N = ^ supersymmetric SU{N) x 17(1) gauge 
theory coupled to chiral matter in component formalism, and show the 
procedure which has been introduced for renormalisation is problem¬ 
atic because some terms which are needed for the renormalisability of 
theory are missed from the Lagrangian. In order to prove the theory is 
renormalisable, we redefine the gaugino and the auxiliary fields(A, F), 
which result in a modified form of the Lagrangian in the component 
formalism. Then, we show the modified Lagrangian has extra terms 
which are necessary for renormalisability of non-anticommutative su¬ 
persymmetric gauge field theories. Finally we prove fV = ^ supersym¬ 
metric gauge theory is renormalisable up to one loop corrections using 
standard method of renormalisation; besides, it is shown the effective 
action is gauge invariant. 
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1 Introduction 


In recent years, deformed quantum field theories have received more attention due 
to their natural appearance in string theory. One type of deformation is space- 
time deformation in which the commutators of the space time coordinates become 
non-zero, which results in non-commutative field theories. The non-commutativity 
leads to a nontrivial product of fields which is called the ^-product. Another type 
of deformation is noncommutativity in the Grassmann coordinates leaving the 
anticommutators of unchanged. It has been indicated that this superspace geom¬ 
etry can occur in string theory in the presence of a graviphoton background Di- 
Theories defined on non-anticommutative (NAG) superspace have been studied ex¬ 
tensively during last ten years [nniiisjii]. It is straightforward to construct a held 
theory over NAG superspace in terms of superhelds with the star-product where 
the Lagrangian is deformed from the original theory by the non-anticommutativity 
parameter where C is a nonzero constant. 

During the last ten years, the renormalisability of the NAG held theories has been 
the subject of numerous research. NAG held theories are not power-counting renor- 
malisable; however, it has been shown that they could be made renormalisable if 
some additional terms are added to the Lagrangian in order to absorb divergences 
to all orders m-m- The issues of renormalisability of NAG versions of the Wess- 
Zumino model and supersymmetric gauge theories have been studied. The renor¬ 
malisability of NAG versions of the Wess-Zumino model has been discussed Di, 
with explicit computations up to two loops [9] . The renormalisability of supersym¬ 
metric gauge held theories has been discussed in WZ gauge [Mllll]. Drawing on 
the component approach, authors dsnn] have provided the most complete results 
for the one-loop quantum corrections of the deformed component theory. Working 
in components in the WZ gauge, they have argued that in order to restore gauge 
invariance, it is necessary to dehne one-loop divergent held redehnitions of the gaug- 
ino held(A) and the auxiliary held(F) (in the case of matter helds). It has been 
manifested, the one-loop divergences(1 PI), with the relevant diagrams containing 
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only C-deformed vertex figures, cannot be cancelled by the Lagrangian since they 
contain contributions which do not appear in the original Lagrangian; in other 
words, the theory is nonrenormalisable. Their results imply that there are prob¬ 
lems with the assumption of gauge invariance, which is required to rule out some 
classes of divergent structure in the NAC theory. In their findings, one can see that 
even at one loop divergent non-gauge-invariant terms are generated. In order to 
remove the non-gauge-invariant terms and restore gauge invariance at one loop they 
have introduced one loop divergent field redefinitions. They realised that by adding 
new deformation-parameter-dependent terms to the theory, the one-loop effective 
action can be renormalisable. However, these kinds of divergent field redefinitions 
are problematic because there is no theoretical justification or interpretation for 
the field redefinition, as mentioned by the authors nmn]. 

On the other hand, the authors in [m EDI El] started from the superspace formal¬ 
ism and discussed renormalisability and supergauge invariance. They have argued 
that suitable deformations of the classical actions are necessary in order to achieve 
renormalisability at one loop level [19]. Using the background field method, they 
have computed the effective action. They have proved that divergent field redefi¬ 
nitions are not required and the original effective action is not only gauge but also 
supergauge invariant up to one loop corrections. An important feature of their 
work is that although they obtain the effective action without any difficulty in the 
superspace formalism, they have found that some new terms have to be added to 
the superfield action due to the one loop divergent contribution for C deformed 
section. 

In this paper we investigate the renormalisability of ^ supersymmetric gauge 
theory coupled to chiral matter and propose a modified classical action which is 
necessary in component formalism. First, we briefly review NAC supersymmetric 
gauge theories and their Lagrangian in the component formalism and also the field 
redefinitions which are described in refs [DID]. Then we concentrate on the one-loop 
corrections of three and four-point functions ( in the C-deformed sector) and show 
that anomalous terms appear in the IPI functions which spoil the renormalisabil- 
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ity of the theory. In order to absorb these anomalous terms and renormalise the 
theory we suggest a new kind of field redefinition which results in a new form of 
the Lagrangian in the component formalism (though the form of the Lagrangian 
remains unchanged in the superspace formalism). Then, we investigate its effects 
on the renormalisability of the theory. We shall prove ^ ^ supersymmetric gauge 

theory is renormalisable at one loop level, using the standard method of renormali¬ 
sation without any need for divergent field redefinitions. Our method confirms that 
the effective action is gauge invariant which is consistent with superspace formalism 

m- 

Working in the component case, we initially encounter some very important is¬ 
sues such as the field redefinition of the gaugino field A and auxiliary field F that 
Seiberg and other authors have introduced at the beginning of their extension of 
the standard theory. With these redefinitions some terms have been effectively re¬ 
moved from the Lagrangian; we reveal the necessity of restoring these hidden terms 
by new generalized redefinitions based on mm- Secondly, the effective action in 
the component case violates gauge invariance owing to some unusual terms-the so- 
called Y terms. Nonetheless, we confirm a number of results in both of the works in 
[nug relating to renormalisability of the theory and preservation of the algebraic 
structure of the star product. 

2 N = 1/2 supersymmetric U{N) gauge theory La¬ 
grangian 

In this section we review the classical form of the N = ^ supersymmetric gauge 
theory Lagrangian. The N = 1/2 supersymmetric gauge theory Lagrangian was 
first introduced in Ref. mm for the gauge group U{N). However, as it was noted 
in Refs. [HI [17], at the quantum level the U{N) gauge invariance cannot be 
retained since the SU{N) and U{1) gauge couplings renormalise differently; and 
they have obliged to consider a modified N = ^ invariant theory with the gauge 
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group SU{N) X C/(l). 


The U(N) gauge invariant supersymmetric Lagrangian for NAC superspace formal¬ 
ism is as follows: 

L = j (f9(fe 

+Y^( j + J (1) 

where Wa and Wa are chiral and antichiral field strengths. V, $ and $ are vector, 
chiral and anti chiral superheld respectively. 

When one discusses the non-anticommutative theory, he or she starts with the su¬ 
perspace formalism. In the superspace gauge transformation, the gauge parameter 
is a superheld. When one rewrites it into the component formalism, it is necessary 
to impose the Wess Zumino gauge. Using this gauge hxing, one obtains the com¬ 
ponent gauge transformation, which is smaller than the original superspace gauge 
transformation. 

In Wess Zumino gauge, the vector superheld V is presented as: 

Viy, 9, 9) = -{9a>^9)Vf,{y) + i999Xiy) - imXiy) + ^9999{D - id^vf^){y), (2) 

where we write V = with being the generators of the gauge group 

U{N). Performing a gauge transformation on the vector superheld in the Wess- 
Zumino gauge results in the gauge transformations of the component helds. They 
are given by: 




(3) 


= i[ip,Xa\ + ^{eCa^")aa{-‘2.df,(p+ X°'}, 

(4) 



(5) 


= iVP,D], 

(6) 


where Lp is the gauge transformation parameter. These gauge transformations are 
not canonical because the transformation of A depends on the deformation param¬ 
eter C. In order to obtain the canonical form of the gauge transformations, the 
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authors mm proposed the following A redefinition: 


aL = A„-i(£Ca^)„d{Al;„A“}, (7) 

so that its canonical gauge transformation is given by: 

=>h*A^ = iVp^K]- (8) 

Then, the vector superfield is redefined as: 

V^{y, e, 9) = -{9a^^9)A^{y) + i9edX^{y) - me(\^ + 

+\eem{D^ - id>^Afi)[y) ( 9 ) 

Gauge transformations of the chiral and antichiral superfields have been studied in 
mm- The chiral and anti chiral superfields are written as: 

= (l)iy) + V29ip(y)+90F{y) ( 10 ) 

^{yJ) = HV)+ '^Hiy)+ ^^Fiy) (n) 

In order to have canonical gauge transformations of the component fields, the F 
component field should be redefined as: 

F{y) = Fiy)-iC^''d^iM.m + lc^''MMy) (12) 

Then 

^6;F = -iFip (13) 

Thus, the antichiral superfield is given by [6]: 

$(y,0) = ^ + + (14) 

Using the above field redefinitions and rescaling V and (7“^, the authors [SE] 
have suggested an iV = 1 supersymmetric U(N) gauge theory action coupled to 
chiral matter. It is given by: 


S 
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-2igC>^''Tr{F^,\\} + \ C Tr{iXXf} 

+ 1^ F — {D— Dfj_(j)D^(j) + g^D(j) + iV2g{^X f/' — '^X4>) 
FigC^^^^F^^F + V2gC^^^D^fXa,i^ + ^■^g'^fXXF 
+ ^ F, ^ , (15) 

where in order to ensure anomaly cancellation, a multiplet {4>,'>p,F'\ transforming 
according to the fundamental representation and, a multiplet {</>, ^,i^} transform¬ 
ing according to its conjugate are included in the Lagrangian. Moreover, there 
are 

DfiX = d^X +ig[Afj_,X\, 

D^4> = dfj,4> + igAf^, (16) 

and 

A^ = A^R^, X = X'^R^, D = D^R^. (17) 

Corresponding to any index a for SU(N), we introduce the index A = (0,a). Thus, 

A runs from 0 to — 1, with R^ being the group matrices for U(N) in the 
fundamental representation. These satisfy 

[R^,R^] = {R^,R^} = d'^^^R^, (18) 

where is completely antisymmetric, is the same as SU{N) and = 0, 

while is completely symmetric; (i“^° is the same as SU{N), = yj2/N5^‘^, = 

0 and = a/ 2/7V. In particular, ^ ^1, and 

Tr{R^R^} = (19) 

C^'' is related to the non-anti-commutativity parameter (7“^ by: 

= C“^e,9^CTr (20) 

and 

Id" = (21) 
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Besides, our conventions are consistent with ref [I]. 

It is easy to show there are some extra terms in the action when one uses the 


original definition of the gaugino field (A) and the auxiliary field (F) instead of 
the field redefinitions (A ) and {F ). Thus, the problem of renormalisability of the 


theory is solved by these extra terms as it is shown in next section. 

2.1 N = ^ supersymmetric SU{N) x U{1) action 

To ensure renormalisability it is necessary to decompose U{N) into SU{N) x C/(l) 
because the U{N) gauge symmetry is not preserved under renormalisation. In fact, 
the two gauge coupling constants renormalise differently [mill]. To obtain a renor- 
malisable theory one must introduce different couplings for the SU{N) and 17(1) 
parts of the gauge group and then the U(N) gauge-invariance is lost. Therefore, 
the authors of m have suggested a.n N = ^ supersymmetric SU{N) x 17(1) gauge 
theory coupled to chiral matter. Following their work, the action is given by: 


S 



-|-{F F — iipa^D^ip — D^(j)D^(j) (pDcj) + f-\/2((^A '0 “ 0^0) 

~ 1 ~ B ~ C 

+V2Cf^''+ iC>^''^F^^F -t - | C ^ 0A A F 

+ (0 ^ 0,0 ^ 0, F ^ F, ^ -C^")}], 


( 22 ) 


where is defined by 


A^ = A^R^^aAlR-+goAlR\ 


(23) 


with similar definitions for A , D and F^i/, and 


D^(j) = {d^ +iA^)(t). 


(24) 


^ABC jg given by: 


..abc -.,000 ^ ,^,0a6 9 

7 =9^1 =1 =1 =^0,7 =- 


(25) 
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Eq. (22) reduces to the original U(N) Lagrangian Eq. (15) derived from nonanti- 
commuting superspace upon setting go = g. 

In order to investigate the renormalisability of the theory, one needs to compute 
the one-loop one-particle-irreducible(lPI) graph contributions. The one-loop graph 
corrections of iV = 1 part of the theory are not affected by C-deformation. So the 
anomalous dimensions and gauge /3-functions are as for = 1. The IPI graph cor¬ 
rections contributing to the new terms (those containing C) are calculated in ref [T7] 
in the component formalism and we present them in the Appendix (We note that 
the one loop divergent contributions for the C deformed sector have also been com¬ 
puted using the background field method in the superspace approach in ref m)- 
However, it is easy to see the component version of the theory could not be renormal- 
isable because some anomaly terms which are proportional to = C^Pgpx^a^") 
appear in IPI corrections, but there are no similar terms in the Lagrangian; there¬ 
fore, these terms spoil the renormalisability of the theory. Moreover, the existence 
of these terms violates the gauge invariance of the effective action (albeit this is¬ 
sue does not happen in the effective action according to superspace formalism). 
In order to solve these issues and renormalise the theory in component formalism, 
the authors of ref m have proposed a procedure of two steps. Firstly, they have 
modified the action and added new terms to the action. Their modified action is 
given by: 


S 


J d'^x - - iX^d>^{DpX)^ + 

+ Z^ I ^ I' (-)^(A“A“)(A'’P) 

4iV go 


N 


i3iggC'2(A“A“)(A°A°) -b {F F - + ix/2{fx ip - ipXp) 


~ 1 ~B ~C 

+V2C^''DpfXd^iP + iC^‘'PFp,F + - I C |2 ^A A F 
-^2C^’'9(y2DpPX<^R^d,iP + V^fX^^R^d.DpiP + ipF;,R‘^F^ 
+ {(P^P,iP^iP,F^ F, ^ -C^")}], 


(26) 
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where and are constants. These new terms (those are proportional to and 
constants) are separately invariant under iV = 1/2 supersymmetry and must 
be included to obtain a renormalisable Lagrangian. However, these terms are not 
obtained from the original superspace action. In this case a similar feature also 
appeared in munnii] where the superspace action had to be modified in order 
to get a renormalised theory. In their procedure, the renormalised couplings "di 
and ^2 have been set to zero for calculational simplicity. In other words, they have 
not contributed to IPI corrections. Secondly, they have introduced divergent field 
redefinitions or, to put it another way, added non-linear terms to the bare action 
at the end of their calculations. This scenario has been used in several papers [T5] . 
However, the scenario is problematic because of divergent field redefinitions which 
have no theoretical justification. The another problem is that the action is changed. 
Moreover, there is disagreement with the superfield formalism where divergent field 
redefinitions are not needed m- 

In next section we introduce field redefinitions which lead to a different classical 
action in the component formalism, then discuss the renormalisability of the theory, 
and prove the theory is renormalisable up to one loop corrections. Besides, we 
indicate divergent field redefinitions are not needed which is in agreement with the 
superfield formalism. 

3 Generalized Wess Zumino gauge, Field redefi¬ 
nitions and Renormalisation 

In this section we generalise Wess Zumino gauge, and introduce field redefinitions 
which modify the N = ^ supersymmetric gauge theory action. Then we prove the 
modified action is renormalisable. 

Discussing the non-anticommutative theory, one starts from the superspace formal¬ 
ism. In the superspace gauge transformation, the gauge parameter is a superfield. 
In order to obtain the N = ^ supersymmetric gauge theory Lagrangian in the com- 
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ponent formalism, one should impose the Wess Zumino gauge. Using this gauge 
fixing, the component gauge transformation is obtained which is smaller than the 
original superspace gauge transformation. In order to obtain the canonical forms 
of the gauge transformations, Seiberg proposed to take the following Wess Zumino 
gauge [I]. 

V^{y, e, 9) = -{9a^^9)A^{y) + mFX^iy) - im(\t + + 

Ueee{D^-id^Aj){y). ( 27 ) 

What we do is to impose the generalised version of this Wess Zumino gauge fixing 
in the form: 


v = - me(\^ + + • • • ( 28 ) 

For = 0, it reduces to the Seiberg’s case. For = —1, it reproduces the 

form of A before the redefinition appearing in m- We postulate that the difference 
between the two gauge fixing is related by a certain superspace gauge transforma¬ 
tion. Therefore, we believe that the parameter simply corresponds to a choice 

of gauge fixing. In the explicit calculation, we will see that is renormalised. 

It means that we change the gauge fixing condition during the renormalisation. 
In the usual renormalisation method, we keep the gauge fixing condition. In this 
sense, our method does not look very natural conceptually although it does not 
necessarily mean that our computation is problematic. If we would like to keep 
the same Wess Zumino gauge, we can go back to the original gauge fixing after the 
1-loop computation by putting the renormalised coupling = 0 by hand in the 

renormalised Lagrangian. 

In the same way we generalise the anti-chiral superfield as follow: 

+iC^''KAR^^d^A^ - 

+ lhABC I U p gegcd^^^ (29) 
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For Habc = £a = ka = 0, it reduces to the Eq. (14). 

Using the generalised vector and anti-chiral superfield, Eqs. (28,29) result in field 
redehnitions A and F which are: 


A'^ ^ 

4 ^ 

F ^F- iC^'^KAR^^d^A^ + '-eAgR^f^^'^C^‘'M^A^ 

+ \hABC I C |2 gegcd^^^R^4>~\^X^. (30) 


These field redefinitions are similar to Eqs (7) and (12). According to the above 
equations, the WZ gauge has been parameterised by some new non zero parameters 
, KA and sa- The field redefinitions in eqs. (30) lead to new gauge and SUSY 
transformations which are not canonical because the transformation of A and F 
depend on the NAG parameter C. The gauge transformations are given by: 


= 


s^~xi = 


s^x^ = 


= 


S^4> = 

i(p(j), 

= 


dip'fpa — 


dip'ipa — 


S^F = 

iipF, 

S^F = 

-iFif - iCf^''KAR^f'^^^^ 


V 6tC 




+ -eAgR^r^^C^’'^{d^^^)Ai 


+^hABc\C\‘^gBgcd^^^R^f^^^^ip°X^X^ 


(31) 
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Moreover, the N = ^ SUSY transformations are given by: 


5A^ = , 

<5A^ = 

5Xi = Q , 6D^ = -e<j>^D^X^, 

Scj) = V^e-tp, 50 = 0, 

50“ = v^e“F, 50d = -iV2{D^(j}){ea^)a, 

SF = 0, 

SF = —iR^(j>eX^ + 'J2ie(j^{dfip) + igR^A^Pp) 

+z(l - - ^(1 - 


3.1 The modified action 


The field redefinitions Eqs. (30) lead to a modified NAG action in component for¬ 
malism. Therefore, we should replace Eq. (22) by: 


S 


d*x 

1 

U7 


- - iX^df^iD^X)"^ + 


+ 4^ ' ^ (^)'(A“A“)(A*'P) + ldi5o"C2(A“A“)(A°A°) 

A\\B\C 


dABC^BAC^^u(^g^^A _ d^A^)X^X 
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A^X^X 


. CaD\A\B 

+{FF — i-ijjd^Dfjpj — D^fpD^icj) Y (f>D(p + iV2{<pXtp — 0A0) 


_ -I — B ~ C 

+V2C''"F^0A(t,0 + iC>^''^F^,F + - I C |2 0A A F 
-d2C^"5(v^l^M^A“F“d,0 + V^fX^R^d.D^'iP + i^F;p,R^F^ 
Yi^gAK^^^d^^^ R^C^^''^A’p^X^d^^p 
-iC^‘'nAR^^df,A^F Y '-SAgR^ M^A^F 

yIhabc I C p gegcd^^^R^fX^X^F 

O 
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( 33 ) 




where , ka and ea are some constants. Besides, because of the renormalis- 
ability of NAC SU{N) x U{1) gauge theory, we require choosing 



(34) 


where C, 77 , r and hABC are some coefficients. Moreover, hABC depend on 
indices A, B, C. We note that haob = habo- In addition, ga = g, = 1 — and 
= 1 + . We also have 



(35) 


According to the above equations, the action has been parameterised by some new 


non zero parameters , ka and ea- Such parameters have not been introduced 


in refs [niiiiis] because they have worked in spacial Wess Zumino gauge. However, 
the renormalisation procedure reveals the necessity for these non-zero couplings. 
We have realised that if these new coefficients are zero, then some terms are hidden 
in the classical action, meanwhile divergent contributions due to Feynman diagrams 
produce them. 

It is straightforward to show that Eq. (33) is preserved under the gauge, and SUSY 
transformations of Eqs. (31,32). 

3.2 Renormalisation of the SU{N) x U{1) modified action 

The divergences in one-loop diagrams should be cancelled by the one-loop diver¬ 
gences in bare action, obtained by replacing the fields and couplings in Eq. (33) 
with bare fields and couplings given by 
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(b = Z^C, rjB = ZrjT], 

Tb = ZrT, h(ABC)Bu.re = Zuabc^ABC 
'&1B = "d2B = Z^^'d2- 


( 36 ) 


In Eq. (36) we have set the renormalised couplings i,C,r],T,hyiBCj'&ii'^2 to zero 
for simplicity. The other renormalisation constants start with tree-level values of 
1. Therefore, we have: 

^B = Cs = Zl^\ r,B = Z^^\ 

'^B = Zl^\ , h(^ABC)Ba.r. = ^hABC’ 

^,B = Z^l\ ^2B = Z^l^ (37) 

The C-independent one-loop corrections are cancelled by the one-loop divergences 
in the (7-independent part of the bare action. Thus, the renormalisation constants 
for the fields and for the gauge couplings g, go are the same as in the ordinary = 1 
supersymmetric theory m, and up to one loop corrections they are given by 

Za = 1 - 2L{N + 1), Zao = 1 - 2L, 

Za = 1 -f 2L(7V - 1), Z^o = 1 - 2L, 

Zg = l + L(l-3iV), Zg, = l + L, 

Z^ = l, Z^ = l- 2LC2, (38) 

2 

where (using dimensional regularisation with d = 4 — e )L = and 

(72 = (7V+1a) (39) 

with 

A=(^)2-1 (40) 

9 

Upon inserting Eq. (38) into Eq. (33) one could obtain the one-loop contributions 
from SBare as 


S^elre = J d^x(^{4NL + 2L)igC^''d‘^^‘^d^AlX^\^ + 4iLgoCf^''d^’’°df,AlX^X° 
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+ ( 8 iVL + 2 L)i^C^’'d°‘’^df,A°X^X° + 2 iLgoC^^^d°°°d^A’lxPX° 
9o 


-( 37 VL + L)ig^Cf^''d‘^'^^r‘^^AlAtyx'^ 
-{2NL + 2L)iggoC>^''d°^^f‘^‘^^AlAf,X°X^ 
-{^NL+^L)g^ I C |2 d“'’"(i"'^"(A“A^)(A"A'^) 
+ (A“A“)(A''A'') 


+Z, 


( 1 ) 

|C|2 


i I C p (i“^"d‘=‘^V(A“A'’)(A“A‘^) + ^ I C p (—)2(A“A“)(A*'A*') 
8 AN go 

+V2{-LC2 - ANL)gC^^''d^fX‘^R’^d^ip + y/2{-LC2)goC>^''d^,fX° R^d^i!} 

fK 

Fi^{^NL + LC2)g^C^^''4>Al^X^d‘^'^^ R^d^ij 
+iV2{2NL + LC2)ggoC^^''^AlX^R^R^d^il} 

+iV2{ANL + LC2)ggoC^''MlX^R^R°d^'ilj 

+iV2{LC2){gofCi^''Ml^°{Ry^,^i’ 


+i{-ANL)C^^^gR^(j)df,A'i,F + i{AN L)g^C^^'' (j)R^ f^^^^A^A^F 


+ {-NL)g^ I C p d^‘’^R^(l)X‘’X‘=F + {-NL)ggo \ C |^ d^^^^R^cpX^X^F 


~ 1 ~ B ~ C 

+V2Zl}'’C>^’'D^fXd,ij + ZI^\C>^''^F^,F + -Zg, \C\'^fX X F 

+ gzf ))gd“'’"C''^a^y4“A'’A“ - UzP)g‘^f'^‘^‘=d^’’'^C>^’'AlAtyx’’ 

8 ^ 8 ^ 

+^(zg)Cg(i“'’"(9^A'’y^'^A^ - X^Y^^•'^^N)Al 

-^-{Zf'>)g‘^ A^A^iX^^Y^^^X^ + gzg)god““C'^''a^v4“A''A° 

+ ^(zg)gorf““(5^A'’y''^A° - A*'y''^9^A°)A“ 

-1 (Zg )goffA° A' 

+ ^(zg)g2c"^'-^^fc A"d“*"=i?“a^V' + '^{zf'^)ggoC^''^A^X^ d^^^^ R^^a^i) 
-i{zf'^)C>^''gR^^d^^AlF - i{Z^^^)C^^''goR^d^^AlF 
+ i(zigj I C p ^A^'f F 

-V2{zf^)gC^^gd^^X^R^d,i, 


-V2(zg)5C'^"#A“F“a,a^V' - 2z(zg)5C"'"F“09^Al“F 
+i{zi%^C>^’^^Ry<^^‘^AlA:F + ^{Zi%l I C |2 (A“A“)(A°A°)) (41) 
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The results i = 1, ...8 for the one loop divergences from the IPI graphs 

coming from the C dependent part of the TV = 1/2 supersymmetric gauge theory 
coupled to matter are given in Appendix AffU. We find that with 


Z 

z 

z 


= Z^, = 0, zf) = -2NL, zW = -NL 
W = -(5TV + 2C2)L, Z(i) = 2 C 2 L, Z(i) = -{18N + 


( 1 ) 


-37N + 32 C 2 


A, 41 = -nN-C2)L 


ill = ZW^ = 2 LC 2 , = -3NL, 


(42) 

(43) 

(44) 

(45) 


they can be canceled by Eq. (41). In fact, we have 

8 

Sslre + E ^HiPi = finite, (46) 

i=l 

Our results indicate the theory is renormalisable in the usual procedure [23j with¬ 
out using one-loop divergent field redefinitions of the gaugino and the auxiliary 
fields (A, A). However, it is necessary to include the terms involving iTi,'d 2 in 
Eq. (33) since further divergent configurations arise at one-loop which are = 1/2 
supersymmetric. These terms are not in the original formulation of the theory 
though they are independently = 1/2 supersymmetric. Therefore, one should 
modify the classical superspace Lagrangian Eq. (1) because these terms are not 
obtained from the original superfield action Eq. (1). This point is consistent with 
results muni in]- They have modified the classical action Eq. (1) in order to have 
one-loop renormalisable theory. 


In our work, we modify the classical action of Eq (26) in order to make the theory 
be renormalisable and gauge invariant. In the modified action Eq (33), there are 
extra terms which were absent in m- In our model, we have new renormalised 
couplings {^,(,r],T,hABc) which start with tree-level values of zero for simplicity. 
In order to renormalise the theory we use the field redefinitions of the gaugino 
and the auxiliary fields(A,E) in component formalism, but the classical superspace 
action is not modified. In fact we use a different Wess Zumino gauge in compare 
with that used in refs Di. Moreover, we obtain the same divergent contributions 
, Z'g^ as those in Ref m which is a good check of our results. 
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In our work we use the following gaugino field redefinition 



( 47 ) 


or, we have: 


= A - a' = 


1 



After the renormalisation, we have 


<5A^ = 


(49) 


which is similar to the nonlinear gaugino field redefinition introduced in ref m- 
Now we can give an interpretation of the nonlinear gaugino field redefinition in 
m- They have worked in Seiberg’s Wess Zumino gauge ( = 0 in Seiberg’s 

parametrisation but this choice is not preserved in the renormalisation) which is 
not a suitable convention for the renormalisation, then they have been forced to use 
the nonlinear field redefinition. However, in order to renormalise the theory we use 
a generalized Wess Zumino gauge where our redefinition is associated with some 
parameters, so we do not need to use the nonlinear field redefinition. The same 
comparison between our auxiliary field (F) redefinition the divergent auxiliary field 
redefinition of ref m can be used in order to interpret the nonlinear auxiliary 
field redefinition. In fact, they have used the nonlinear field redefinitions to absorb 
unusual divergent contributions which are produced by IPI graphs, and have found 
that variation of A and F result in a change in the action; besides, adding these 
divergent contributions to the classical action the the theory is renormalisable up 
to one loop corrections. In this sense, we would like to conclude that the divergent 
field redefinitions used in m were actually correct, although their interpretation 
was not clearly written. 

We have obtained Zc2 = \Zc\'^ = 1 which means the non-anticommutative struc¬ 
ture is preserved by the renormalisation despite the fact that the modified action 
(Eq. 41) has an explicit dependence on the NAC parameter. Therefore, the star 
product does not get deformed by quantum corrections which is consistent with 
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ref [17] for the case of the component formalism and ref [19] for the case of the 
superspace formalism. 

The authors of Ref m have studied one-loop quantum properties of the deformed 
superspace theory and showed that the one-loop effective action could be renor¬ 
malised if one modifies the NAC action in superspace formalism and our work 
should be compared to their work. Generally, we confirm their work although some 
of the details may differ. Working in superspace, in a background field approach, 
they have shown that new divergences were present which cannot be renormalised 
away. In order to make the theory be renormalisable they have modified the classi¬ 
cal action from the start by adding new terms which allow for the cancellation of all 
the divergent terms at one loop. We have taken the same approach by adding new 
terms to the Lagrangian from start in the component formalism. We prove that 
subtraction of one loop divergences does not require nonlinear field redefinitions 
which is consistent with US], and also the discussion is cleaner. The important 
point however was the check that indeed, even in the presence of NAC, the effective 
action is gauge invariant and therefore the safety of going to WZ gauge is ensured. 

In this work we assume the renormalised couplings C, 77 , r, i?i, and hABC are 
set to zero. These assumptions simplify our calculations; in other words, we do 
not consider contributions from terms which are proportional to these couplings 
to the loop divergences. However, in a future extended work we will consider 
non-zero values for these renormalised couplings, and calculate their contributions 
to quantum corrections . In our previous paper [24], we have computed one-loop 
corrections which come from extra terms in = 1/2 supersymmetric pure gauge 
theory. Moreover, Our results are consistent with ref m which used the superspace 
formalism. In both cases, in order to obtain a renormalisable Lagrangian it is vital 
to add some new terms to the original Lagrangian. 
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4 Conclusion 


We have investigated the renormalisability of a general N = ^ supersymmetric 
SU{N) X 17(1) gauge theory coupled to chiral matter at one loop order. We have 
proved the theory is renormalisable up one loop order using the standard method 
of renormalisation by adding some extra terms which are generated by field redef¬ 
initions of the gaugino and the auxiliary fields (A, 7"), and some new terms which 
are put by hand to the original component Lagrangian. Moreover, we have shown 
the effective action is gauge invariant up to one-loop corrections. 

We have indicated there is no need to employ divergent redefinitions of A and F . 
We have used the N = ^ gauge group SU (IV) x 17(1) because of the requirements of 
gauge invariance and renormalisability. As discussed in [7] the non-anticommutative 
SU{N) gauge theory is not well-defined, and the non-anticommutative U{N) gauge 
theory is not renormalisable [TTI ITQ] . 

We have shown that the problem of the renormalisability of the non-anticommutative 
theory in the component formalism can be solved by field redefinitions. One of ad¬ 
vantages of the field redefinition method is that it does not change the original 
Lagrangian in the superspace formalism; in other words, Eq (1) is preserved under 
field redefinitions and the theory is renormalised. We have proved that the com¬ 
plete divergent part of the effective action which come from C-deformed section is 
gauge invariant even though term by term these quantum corrections are not gauge 
invariant, and also arrived at the conclusion that there is no need to renormalise 
the non-anticommutativity parameter C, which is consistent with Ref m- 
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A Divergent contributions for IPI graphs 


The divergent contributions to the effective action from the C dependent diagrams 
with one gauge, two gaugino lines (^^AA) are given by: 


-{8NL + 2L)i^C'^'^d°*'^a^y4°A^A° - 2iLgoC^^''cf°°df,AlX°\° 

9o 

+ ^VL(?oC'^''d““A^“A^A° - VLgd“'’"A^y''^5^AM“ 
-2iNLgod‘^^°X^Yf^''d^X° (50) 

The divergent contributions to the effective action from the C dependent diagrams 
with two gauge and two gaugino lines (A^A^AA) are: 

+ {NL + 2L)igogr‘^^d°'^^C^''AlA'^^X°X\ (51) 

The divergent contributions to the effective action from the C dependent diagrams 
with four gaugino lines (AA)^ are: 

= i^NL + ^L)g‘^ I C |2 d“''"(i=‘^^(A“A^)(A"A‘^) 

+ (4^i+^i)|Cp (A“A“)(A'’A'') 

+3NLgl I C p (A“A“)(A°A° (52) 

The divergent contributions to the effective action from the C dependent diagrams 
with one gaugino, one scalar and one chiral fermion line {(jjXip) are given by: 

^i%Pi = V2{LC2 + 5NL)gC>^’'df,^rR‘^d,^ 
+V2(LC2)5oC'^"5^0A°i?°CT,V' 
+V2{-NL)gC'^''^X‘^R‘^d^d^^p (53) 

The divergent contributions to the effective action from the C dependent diagrams 
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with one gaugino, one scalar, one chiral fermion and one gauge line (A^cjjXtp) are: 

+iV2NLggQC>^’'Al^X‘^R‘^R°d^ij[-4] 

-iy/2NLg‘^C^^''AlfX^R^R^a^il)[C2] 

-i^/2NLggQC^^''AlfX^R'^R^d^il}\C2] 

-iy/2NLggoC^''A‘;^fX^R’^R^d^i}[C2] 

-iy/2NLglC^^''AlfX^{R^fd,^[C2] ( 54 ) 

The divergent contributions to the effective action from the C dependent diagrams 
with one gauge, one scalar and one auxiliary line {(jjAfj^F) are given by: 

= i(-2L(72)gC^V5^A“i?“F + i(-3AfL)(7C'^"^a^A“i?“F 

+t{-2LC2)goCi^''^d^AlR°F (55) 

The divergent contributions to the effective action from the C dependent diagrams 
with two gauge, one scalar and one auxiliary line are: 

= i{LC2)g^C^^''^R'^r'’^K^lF 

+i{-^NL)g‘^C^^^R^r^‘^AlAlF (56) 

The divergent contributions to the effective action from the C dependent diagrams 
with two gaugino, one scalar and one auxiliary line {(pXXF) are: 

= (yiVL)g2 I C p 
+{-4LC2)g^ I C |2 
+ {5NL)ggo \ C ^ d^^^^R^^X^X^F 

+{-ALC2)ggo I C f d°*'^i?>A°A*'F 

+ {jNL)g‘^ I C |2 dO'’"i?O0A*'A"J^ 

+ (-2LC'2)(5o)^ I C p d°°°R°fX°X°F (57) 
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